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1. Introduction 

For s 1 ,s 2 ,s 3 G C with 9ft(si + s 3 ) > 1, 5ft(s 2 + s 3 ) > 1 and JJ(si + s 2 + s 3 ) > 2, 
the Tornheim's double zeta function is defined as 

( L1 ) T(s 1 ,s 2 ,s 3 ) : = V - —, ; r— ■ 

^-^ m Sl n S2 [m + nr 3 

m,n— 1 ' 



It has two alternating analogues: 

(1.2) R( Sl ,s 2 ,s 3 ) 
and 

(1.3) S(S!,S2,S 3 ) 



(-1)" 



m.n- 



m.n- 



m Sl n S2 (to + n) 6 



i m Sl n S2 (m + n) s 



Since L. Tornheim [B] introduced the series T(p, q, r) for p, q, r £ N in 1950's, a 
lot of results on evaluating the values T(p, 9, r) in terms of Riemann zeta values 
have been found. See for example [T] [3j HI [5j HI [3 [10] and the references therein. In 
[10) . H. Tsumura proved a functional relation for Tornheim's double zeta function 
which represents T(a, b, s) + (-l) b T(b, s, a) + (-l) a T(s, a, b) with a, b e N and s e C 
via Riemann zeta function. After that, T. Nakamura [1] gave a "simpler" version 
of this functional relation. And in [2], K. Matsumoto, T. Nakamura, H. Ochiai and 
H. Tsumura showed that these two functional relations are the same. 

The alternating analogues of Tornheim's double zeta series were first introduced 
by M. V. Subbarao and R. Sitaramachandrarao in [5], They posed the problem to 
evaluate S(r,r,r) and R(r,r,r) for r € N. In a series of papers [TJ [HI El E], H. 
Tsumura obtained some fascinating results on evaluating S(p,q,r) and R(p,q,r). 
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He gave an evaluation formula for S(r, r, r) for any positive odd integer r in [7J, and 
for R(r, r, r) for any positive odd integer r in [5]. In 0, he obtained the evaluation 
formula for S(p, q, r) with p,g,r£N and p + q + r odd. To evaluate R(p, q, r), H. 
Tsumura introduced the partial Tornheim's double series defined by 

oo 

(1.4) % blM (p,q,r) := 



^ n (2m + b 1 )p(2n + b 2 )v(2m + 2n + b 1 + 6 2 ) r ' 

m,n— v / \ / \ / 

where bi, 62 G {1,2}. Then in [ITJ Theorem 4.1], he proved that for any p,g,reN 
with r ^ 2 and p + g + r odd, and for 61,62 G {1?2}, the values R(p,q,r) and 
2-6i.&2 (p, 9? r ) can be expressed as polynomials in Rlemann zeta values £(j) (2 $J 
j ^ p + q + r) with rational coefficients. 

In this paper, we give two functional relations for S(s±, s%, S3) and R(s±, S2, S3) 
in Theorem 13.31 from which we obtain new proofs for formulas of S(p, q, r) and 
R(p, q, r) mentioned in the last paragraph. The method used here is different from 
that of H. Tsumura [ID, and of T. Nakamura [1] for Tornheim's double zeta function 
case. In fact, it is also valid for proving T. Nakamura's functional relation for 
Tornheim's double zeta function. We give this new proof in Section 2. Then in 
Section 3, we prove our main theorem (Theorem 13. 3|) . In Section 4, we give new 
proofs of H. Tsumura's results mentioned in the last paragraph. 

2. A FUNCTIONAL RELATION FOR TORNHEIM'S DOUBLE ZETA FUNCTION 

In (TQl Theorem 4.5], H. Tsumura proved the following functional relation for 
Tornheim's double zeta function: 

(2.1) T(a, b, s) + (-l) b T(b, a, s) + (-l) a T(s, a, b) 

-'tp~"-iw.-fl§^('-;:i-> + i + .-*> 

a (j-l)/2 . .> 2 ; b 

-4£(2^-i )C (a-;) £ -M- £ c(b-k) 

3 = l = Q y I' fc = 

3=0.(2) k = b(2) 



C(k + j + s-2l), 



'k-l + j- 2Z N 
j -21-1 

where (2) means mod 2, a, b G NU {0}, b ^ 2, s € C, except for the singular points 
of both sides. In [4], T. Nakamura gave a "simpler" version, which can be restated 
as the following theorem. 

Theorem 2.1 ( 4, Theorem 1.2]). For all a, b G N and sgC except for the singular 
points, we have 

(2.2) T(a, b, s) + (-l) b T(b, a, s) + (-l) a T(s, a, b) = 2N(a, b, s) + 2N(b, a, s), 
where 

N(a, 6, a) := £ ( ° + \^ ^ C(2j)C(« + & + * " 2i). 



In [2], K. Matsumoto T. Nakamura, H. Ochiai and H. Tsumura showed that the 
right-hand sides of (|2.1j) and (|2.2j) are the same. In this section, we first restate 
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their proof with a different method to obtain the key formulas used in the proof. 
Then we give a new proof of the functional relation (I2.2[) . 

Recall that the Bernoulli polynomials {B n (x)} and Bernoulli numbers {£?„} are 
defined by 

te *t ~ t n t » ,n 

n=0 n=0 
respectively. It is known that B n (Q) — B n (l) — B n for any n ^ 1 and -Bi(O) = 
£>i = — -Bx(l) = — |. We recall the formulas 

(2.3) C (2n) = -^fftn, 

(2.4) B„(l/2) = (2 1 -"-l)S„, 

(2-5) B n (x + y) = J2(t) B k(x)y 

k=0 ^ ' 



,,71— k 



From the translation formula (12.5[) . we immediately get the following lemma. 
Lemma 2.2. For any nonnegative integer n, we have 

( 2 - 6 ) E f^W*)^" -8 * = hB 2n (x + y) + B 2n (x-y)), 



k=0 

and 



( 2J ) E ( 2n ot 1 )B2k(x)y 2n+1 - 2k = \{B 2n+1 {x + y)- B 2n+1 (x y)). 



fe=0 



Using the above lemma, we get the following key formulas for proving the fact 
that the right-hand side of (|2.ip equals that of 



Lemma 2.3. For any nonnegative integer n, we have 

(2-8) g(2— - l)C(2fc)i^ = C(2n), 



and 

(2.9) - 1K(2t ,-M_ . -!,„„, 



(2n-2fc + l)! 2 



where <5« is i/ie Kronecker's delta symbol. 



Proof. follows from ([231), (HHJ) and pi)]) . And (J2J) follows from (|23|) . (|2~4[l 
and Ip7f| . □ 

We come to prove the fact that the right-hand sides of (|2.1|) and (|2.2| are the 
same. The right-hand side of (|2.ip is 2i?i + 2i?2, where 



and 



3=0 ; = o p=° 

3 = o(2) P=b(2) 



p-l+j -2Z 
j - 2/ - 1 



C(p+j + *-2J). 



We show that i?i = N(a,b,s) and i? 2 = N(b,a,s). For ii ls let a — j = 2k and 
k + I = n, we get 



fc— n— fc 

Changing the order of n and k 1 we get 

*-gg^-)«»)^9)(- + ::i-> + — 

which is iV(a, 6, s) by (|2.8[) . Similarly for i?2, we have 

a/2 (a-l)/2 , ..a»-2A b / 2 

a— -Deo*) £ sSitwEw 



(2n- 2fc + 1)! 

a + 6 — 2m — 2n — l x 



C(a + 6 + s - 2m - 2n) 



a — 2n — 1 

,~-l)/2 / „ _ . .. . 

n=0 \fc=0 V ' / m=0 

a + & — 2m — 2n — 1 N 



a — 2n — 1 



C(a + b + s - 2m - 2n), 



which is N(b,a,s) by (|2.9[) . Hence the right-hand sides of (12 . X[) and (|2.2p are the 
same. 

In the rest of this section, we give a new proof of the functional relation (|2.2I) . 
We set 

F(a, 6, s) := T(a, 6, s) + (-l) h T(&, s, a) + (-l) a T(s, a, 6). 

It is well-known that the Tornheim's double zeta function satisfies the following 
recursive formula 

T(s 1 ,s 2 , S3) = T(si - 1, s 2 , s 3 + 1) + T(.si, s 2 - 1, s 3 + 1). 

We find that 

F(a, b, s) ={T{a - 1, 6, s + 1) + T(a, b - 1, s + 1)) 

+ (-l) 6 (T(6,s + l,a-l)-T(6-l,s + l,a)) 

+ (-l) a (-T(s + l,a- 1, 6) +T(s + l,o, 6- 1)), 

which is just 

(2.10) F(a, b, s) = F(a - 1, b, s + 1) + F(a, & - 1, s + 1). 

As stated in pQ, we have the following general lemma. 



Lemma 2.4. Let X(si, 82, S3) be a function satisfying the recursive relation 



X(a,b,s) = X(a - l,b,s+ 1) +X(a,b- l,s + l). 
Then for any a, b £ N U {0} and s £ C, we have 



(2.11) X(aAs)=Y,( a + b [ l \x{j,ti,a + b+s-3) 

'' r a + b-j-l 



One can prove this lemma by induction on a + b. 

Now we apply Lemma 12.41 to F(a, b, s). We first compute F(j, 0, a + b + s — j) 
and F(0,j, a + b + s — j). It is easy to see F(J, 0, a + b + s — j) = F(0, j, a + & + ,s — j). 
And we have 

F(j,0,a + b + s-j) 
=T{j, 0,a + b + s-j)+ T(0, a + 6 + s - j, j) + (-l) J T(a + b + s - j, j, 0) 
=(1 + (-l) J ')CC?')C(a + b + a-j)-C(a + b + s). 

Then we get 

^E( 0+6 r?~>«)^ 

= 2 E (° + \-[ X ) + b + s 2j) + 2 ( a + I X ) C (0)C(a + b + s), 

and similarly 

Ef fl+6 :r l W-.-+6+*-i) 



6/2 



2 £(« + * 2j 1 V (2jX(o + 6 + ._^) +2 («» + * 1 V(0)C( a + & + .s). 



Here we use the fact that £(0) = — |. Combining these two equations and Lemma 
we finish the proof of Theorem 12.11 



3. Functional relations for S(si,s 2 ,sa) and #(31,82,33) 
As in [12] , we define 



C(si,s 2 ):= V 

* — ' m Sl n S2 

m>n>0 



C(ffi,-a):= E mW = 

m > n > 



(-i) r 

m Sl n l 

(-iy 



m > n > 



and 



C(si,s 2 ):= E 

m 

c(«) : = E M- - ( 2l ~ s - ^cw- 

fc * 711 b 



It is easy to see that 

(3.1) mm = m t) + at, *) + c(^+*), 

(3.2) a*)at) = c(«, t) + a*, *) + cc* + *)■ 

For a, 6 G N and s G C, we define 

Fi(a,6,s) := S(a,b,s) + {-l) b R{b, s,a) + {-l) a R(a, s, b), 
F 2 (a,b,s) := R(a,b,s) + {-l) b R{s,b,a) + (-l) a S(a,s,b). 

Similar to Tornheim's double zeta function, we have the recursive relations: 
S(si,s 2 , S3) = S(si - l,s 2 , s 3 + 1) + S(si, s 2 - l,s 3 + 1), 
-R(si,s 2 , s 3 ) = R(si - l,s 2 , s 3 + 1) + R(si, s 2 - 1, s 3 + 1). 

Then we get the following lemma. 

Lemma 3.1. We have the following recursive relations: 

(3.3) F 1 (a,b,s)=F 1 (a-l,b,s + l)+F 1 (a,b-l,s + l), 

(3.4) F a (a, b, s) = F 2 (a - 1,6, s + 1) + F 2 (a, b - 1, s + 1). 
Before applying Lemma 12.41 to F\ and F 2 , we make some preparations. 

Lemma 3.2. We have 

(3.5) Fi(j, 0,a + b+ s -j) = Fi(0,j, a + b + s-j) 



=(1 + (-iy)ama + b + s-j)-aa + b + s), 



(3.6) F 2 (j, 0, a + b + s -j) = (1 + (-l) J )C0')C(o + & + s - j) + & + *), 



(3.7) F 2 (0, j, a + 6 + s - j) = (1 + (-l) J )C(i)C(a + & + s - j) - C(a + 6 + s). 

Proof. (031) and (gl]) follow from flU]), and (JSHJ) follows from □ 
By Lemma 12.41 and the above two lemmas, we immediately get the main result 
of this section. 

Theorem 3.3. For all a,b € N and s£C except for the singular points, we have 

(3.8) S(a, b, s) + (-l) b R(b, s, a) + (-l) a R{a, s, b) = 2N 1 {a, b, s) + 2N x {b, a, s), 
and 

(3.9) R(a, b, s) + (-l) fc i?(s, b, a) + (-l) a S(a, s, b) = 2N 2 {a, b, s) + 2iV 3 (6, a, s), 



where 

a/2 



Nl (a, b, s) := W a + 6 2 [ X \ (2*H— *- - l)C(5y)C(« + & + - - «). 



3=0 
a/2 



N 3 (a, 6, s) := E ( a + \ (2 1 - 2J - l)C(2j)C(a + b+s-2j). 



6-1 
Note that 

JVi(a, 6, s) + iV 2 (a, 6, s) + iV 3 (a, 6, s) = (2 2 - Q - fe - s - l)JV(a, 6, s), 
where iV(a, 6, s) is defined in Section 2. 

4. Applications of functional relations 

In [H Section 3], T. Nakamura used the functional relation (j2.2[) to give new 
proofs of some formulas for the special values of T{p, q, r) with p,q,r £ N. For 
example, we have the evaluation formula of T(p, q, r) when p + q + r is odd as in 

mm. 

Proposition 4.1. For p, q, r G N with p + q + r odd, we have 
T(p, q, r) = (-l) p N(p, r, q) + (-lfN(r,p, q) + (-l) 9 A/(g, r,p) + (-l) q N(r, q,p). 



In this section, we use the functional relations (|3. 81) and (|3.9|> to deduce some 
formulas for the special values of 5(p, <?, r), R(p, q, r) and T 0l ,b 2 (p, g, r) with p,q,r £ 
N and 6i,6 2 G {1,2}. 

Let a = b = s = r G N in (|3T5|) and (|33)) . we get 

(4.1) S'(r,r,r) + 2(-l) r i?(r,r,r) = 4JVi (r, r, r) , 

(4.2) (1 + {-l) r )R(r, r, r) + (-l) r S(r, r, r) = 2N 2 (r, r, r) + 2N 3 (r, r, r). 

Let r — 2p be even in (|4.1[) and (|4.2p . we get a formula which was mentioned in 
Eq. (4.2)]. 

Proposition 4.2. For any peN, we have 
S(2p,2p,2p) + 2R(2p,2p,2p) 

= 4 E !" ^ ( 22J+1_6P - l)C(5y)C(6p - 2i) 

= 2 E - 1 (2 ^ 6P " 22J+1 " 6P )C(2J)C(6P - 2j). 

The above formulas give some relations for Riemann zeta values. For example, 
taking p = 1, we get the relation 7((6) = 4£(2)C(4). 

Let r = 2p + 1 be odd in (|4.2p . we get the evaluation formula of S(2p + 1, 2p + 
l,2p+l) as in |2|2]. 
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Proposition 4.3. For any p£NU {0}, we have 
S(2p+l,2p+l,2p+l) 
4p + 1 - 2j 



= 2 ~ 6p E { 2 P ) (22J_1 ~ + 3 - 

Let r = 2p+l be odd in (|4~T|) . Using the above formula for 5(2p+l, 2p+l, 2p+l), 
we get the evaluation formula of R(2p + 1, 2p + 1, 2p + 1) as in [5] 

Proposition 4.4. For any p£NU {0}, we have 
i?(2p+l,2p+l,2p+l) 

=2 _6p-i £ ^ +1 - 2 A (26p+2 _ ^ _ 1)c(2i)c( gp + 3 _ 2j) 

3=0 VP/ 

Let a = p, 6 = q and s = r in (|3.8p , we get 

(4.3) S(p,q,r) + (-l)"R(q,r,p) + (-l)*R(p,r,q) = 2N 1 (p,q,r) + 2N 1 (q,p,r). 

Let a = p, b = r and s = q in (13 . 9[) , we get 

E(p, r, q) + (-l) r i?(g, r,p) + (-l) p S(p, q, r) = 2N 2 {p, r, q) + 2N 3 (r, Pl q), 

which is 
(4.4) 

(-l) p R(p, r, q) + (-ir +r R(q, r,p) + S(p, q, r) = 2(-l)*(JV 2 (p, r, q) + N 3 (r,p, q)). 
The difference of (|4.3|l and (|4.4|l gives 
((-ir-(-l)^)i?(g,r,p) 
=2^ (p, q, r) + 2N, (q, p, r) - 2(-l)"(N 2 (p, r, q) + N 3 (r, p,q)), 
which deduces the evaluation formula of R(p, q, r) when p + q + r is odd as in 
Proposition 4.5. For p,g,reN irai/i p + q + r odd, we /lave 
R(p, q, r) = {-\yNx{r,p, q) + (-l) p iVi(p, r, q) + (-l)'JV a (r, q,p) + (-l) 9 iV 3 (q, r,p). 
Explicitly, we have 
R(p, q, r) 

=(-!) P E ( P + ^ _ 2 / ~ *) (2« +1 -P-«- r - l)C(2j)C(p + 3 + r - 2j) 

3=0 V ' - / 
9/2 



£ + r _2J ^ (2 i-!y _ l) C (2j)C(p + q + r - 2j) 

3=0 V r / 

r /2 

( _1)P ^ ( P + r " 2j " ^ (2^+i-p- 9 - - l)C(2j)C(p + q + r - 2j) 



3=0 
r/2 



+ {-l) q Y,( q + r I 3 1 )(2 1 -^-l)(2^+ 1 -^-"--l)C(2 J )C(P + 9 + ^-2j). 

With the help of the above proposition and (|4.3p , we get the evaluation formula 
of S(p, q, r) when p + q + r is odd as in [5]. 



Proposition 4.6. For p, q, r S N with p + q + r odd, we have 
S(p, q, r) = (-l) p N 2 (p, r, q) + (-l) q N 2 (q, r,p) + (-lfN 3 (r,p, q) + (-l) q N 3 (r, q,p). 
More precisely, we have 
S(p,q,r) 

=(-!) P E ( P + " ~_ 2 ( ^ ^ l)(2 2 i +1 - p -i- r mm( P + q + r-2j) 

3=0 V ' / 

+ + \ " ~ 2 ( (2 1 " 2 ' - l)(2 2 ^-?-«-r - l)C(2j)C(p + g + r - 2j) 

+ (-1) P Y,( P + r 'J! X ) l)C(2i)C(P + ? + r - 2j) 

r /2 

+ E ( ? + " ~_ 2 ( X ) ^ - 1 )C(2J)C(P + 9 + r 2j). 

3=0 ^ q ' 

The evaluation formula for S(p, q, r) with p + q + r odd given by H. Tsumura in 
[5] reads 



5(p, g, r) = {~lfN 2 {p, r, q) + {-IfN^q, r,p) 

(r-l)/2 p/2 (p-2p-l)/2 

-2{-iy C(27)EC(2P) E 

j=0 p=0 p=0 

xCb + g + r-2i-2p-2 M )A-l Tyi 

(r-l)/2 q/2 (g-2p-l)/2 

-2(-i)« 2 c(27)Ec(27) E 

j=0 p=0 p=0 

x C(p + q + r-2j-2p-2fj,)- K 



p + r - 2j - 2p - 2/i - 1 
p - 2p - 2/1 - 1 



q + r - 2j - 2p - 2p, - 1 
g-2p-2/i-l 



(2/i +1)1 

The third term of the right-hand side of the above equation equals 

(r-l)/2 p/2 (p-l)/2 

-2{-iy c(27)Ec(27) E 



3=0 p=0 n=p 

{m) 2n - 2 P 



p + r — 2j — 2n — 1 
p - 2n - 1 



x C(P + 5 + r — 2j - 2n) 



(2n-2p + 1)! 

Changing the order of p and rt, we see that the above formula equals 

(r-l)/2 (p-l)/2 / „ ^2„-2p \ 



p + r — 2j — 2n — 1 
p — 2n — 1 



C(p + g + r-2j-2ra), 



and using (|2.9|) . we find that it becomes 

(>'-l)/2 / _ 9 - _ i\ 

£ ( _T )C(2j)C(p + ? + r-2i). 

Hence the formula of H. Tsumura is nothing but 

S(p, g, r) =(-lf iV 2 (p, r, g) + (-If iV 2 (g, r,p) 

(r-l)/2 , _ . _ s 

3=0 \ 1 J 

Now it is easy to see that the formula of H. Tsumura for S(p, g, r) is the same as 
that given in Proposition 14.61 
It is obvious that 

S 1>2 (p, q, r) = T 2>1 (g,p, r), T 2>2 (p, g, r) = 2-*-«-T(p, g, r), 

Rip, g, r) = -1i,i(p, g, r) + £i, 2 (p, g, r) - T 2 ,i(p, g, r) + ^2,2(p, g, r), 

S{p,q,r) = Ti,i(p,g,r) - Ti, 2 (p,g,r) - X 2 ,i(p, g, r) +T 2 , 2 (p,g,r). 

Thus we get 

^2,1 (p, g, r) = --(R(p,q,r) + S(p,q,r)) + X 2 , 2 (p, g, r), 

£i,i(p> g, r) = -^(R(P> Q, r) + R(q,p, r)) + X 2 , 2 (p, g, r). 
Then we obtain the evaluations of Ti-btM (P> 9> r ) when p + g + r is odd as in [51 111). 
Proposition 4.7. for p, g, r £ N iflii/i p + q + r odd, we have 

Ti,i (p,«,r) = - i{(-l)*W 1 (r,p,g) + (-If iV x (p,r,g) + (-If JV 2 (r,p, g) 

+ (-iyN 3 (p,r,q) + (-l)'JV!(r,g,p) + (-l)^i(g, r,p) 
+ (-If JV 2 (r,g,p) + (-l)W 3 (g,r,p)} +T 2 , 2 (p,g,r), 

£1,2 (p, g,r) =X 2) i(g,p,r) 

= - l{(-l) p N 2 (p,r,q) + (-lfiV 2 (r,p,g) + (-If JV 3 (p, r, g) 

+ (-If 7V 3 (r,p,g) + (-1)%(M,P) + (-l)«JVi(g,r,p) 
+ (-If JV 2 (g,r,p) + (-lY'N 3 (r,q,p)} +T 2)2 (p 1 g,r) ) 

and 

T 2 , 2 (p,g,r) =2"f-«- r ((-lf JV(p,r,g) + (-If iV(r,p, g) 
+ (-lfiV(g,r,p) + (-lfiV(r,g ) p)). 
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